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We find and investigate the optimal scheme of quantum distributed Gaussian sensing for estima-
tion of the average of independent phase shifts. We show that the ultimate sensitivity is achievable by
using an entangled symmetric Gaussian state, which can be generated using a single-mode squeezed
vacuum state, a beam-splitter network, and homodyne detection on each output mode in the absence
of photon loss. Interestingly, the maximal entanglement of a symmetric Gaussian state is not opti-
mal although the presence of entanglement is advantageous as compared to the case using a product
symmetric Gaussian state. It is also demonstrated that when loss occurs, homodyne detection and
other types of Gaussian measurements compete for better sensitivity, depending on the amount of
loss and properties of a probe state. None of them provide the ultimate sensitivity, indicating that
non-Gaussian measurements are required for optimality in lossy cases. Our general results obtained
through a full-analytical investigation will offer important perspectives to the future theoretical and
experimental study for quantum distributed Gaussian sensing.
Quantum resources are known to be useful for fur-
ther enhancing the precision and the sensitivity of es-
timation of various physical quantities beyond the stan-
dard quantum limit [1–3]. A number of studies on single-
parameter estimation have been performed over the last
few decades [4], but much attention has begun to be
paid to estimation of multiparameters in recent years [5].
Quantum-enhanced sensitivity in simultaneous estima-
tion of multiple phases has been investigated to explain
the role of quantum entanglement and identify optimal
and realistic setups saturating the ultimate theoretical
sensitivity [6–10]. The advantage of exploiting quan-
tum entanglement becomes more significant when sens-
ing takes place in different locations and the parameter of
interest is a global feature of the network, e.g., the aver-
age of distributed independent phases [11–15]. Such dis-
tributed sensing is related to applications such as global
clock synchronization [16] and phase imaging [6]. These
inspire the use of more practical quantum resources that
are feasible in a well-controlled manner with current tech-
nology, e.g., Gaussian systems [17]. Very recently, the
sensitivities of distributed Gaussian sensing were studied
under specific conditions [14, 15]. The ultimate sensi-
tivity and feasible optimal schemes, however, are not yet
found and studied in the class of Gaussian metrology [18–
20].
In this Letter, we investigate the ultimate sensitivity
for the average phase estimation in distributed Gaussian
sensing, where the phases are encoded onto a multi-mode
Gaussian probe state, as described in Fig. 1. We find an
optimal probe state and measurement setup that achieve
the ultimate sensitivity, which are shown to be experi-
mentally feasible with current technology. Interestingly,
we demonstrate that the optimal symmetric Gaussian
probe state is not a maximally entangled state. For prac-
tical relevance, we further analyze the effect of loss, the
entanglement-enhanced gain, and other Gaussian mea-
surements in various conditions.
We begin with a brief introduction to the formalism
describing Gaussian states and multiparameter estima-
tion. Gaussian states are defined as states whose Wigner
functions are Gaussian distributions, and thus charac-
terized by the first moment vector di = Tr[ρˆQˆi] and
the covariance matrix Γij = Tr[ρˆ{Qˆi − di, Qˆj − dj}/2],
where {Aˆ, Bˆ} ≡ AˆBˆ + BˆAˆ. Here, a quadrature operator
vector of a M -mode continuous variable quantum system
is defined as Qˆ = (xˆ1, pˆ1, ..., xˆM , pˆM )
T, satisfying the
canonical commutation relation, [Qˆj , Qˆk] = i(Ω2M )jk,
where Ω2M =
(
0 1
−1 0
)
⊗ 1M and 1M is the M ×M iden-
tity matrix.
Consider estimation of M -parameter φ =
(φ1, φ2, ..., φM )
T based on measurement outcomes x, ob-
tained with a conditional probability p(x|φ). The multi-
parameter Crame´r-Rao inequality states that the M×M
estimation error matrix Σij = 〈(φˆi − φi)(φˆj − φj)〉 of
any unbiased estimator φˆi is bounded by the Fisher
information matrix (FIM), F (φ), i.e., Σ ≥ F−1,
where Fij(φ) =
∑
x
1
p(x|φ)
∂p(x|φ)
∂φi
∂p(x|φ)
∂φj
[21]. The
conditional probability p(x|φ) = Tr[ρˆφΠˆx] is given
FIG. 1. Schematic of distributed sensing under investiga-
tion. A multi-mode probe state ρˆprobe generated from the
first beam splitter network (BSN) for a given product state
input ⊗Mi=1ρˆi undergoes the individual phase shifts on each
mode. The parameter-imprinted state ρˆφ is fed into the sec-
ond BSN, followed by measurement. The measurement out-
comes are used in post-processing to estimate the parame-
ter φ∗ =
∑M
i=1 wiφi with the weight vector w.
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2by a positive operator-valued measure Πˆx for a given
parameter-encoded state ρˆφ. The quantum Crame´r-
Rao inequality sets a lower bound for the error
of an unbiased estimator, i.e., Σ ≥ F−1 ≥ H−1,
where Hij = Tr[ρˆφ{Lˆi, Lˆj}]/2 is the quantum Fisher
information matrix (QFIM), with Lˆi being a sym-
metric logarithmic derivative operator associated
with ith parameter φi [22]. When a linear combination
of φi’s, φ
∗ = wTφ =
∑M
i=1 wiφi with the weight
vector w, is of particular interest, the estimation error
is bounded as [23]
∆2φ∗ ≡ 〈(φˆ∗ − φ∗)2〉 ≥ wTF−1w ≥ wTH−1w. (1)
Here, F−1 and H−1 are understood as the inverse on
their support if the matrices are singular. Throughout
this Letter, we assume the normalization
∑M
i=1 |wi| = 1
for simplicity.
Consider a distributed phase sensor in which a prod-
uct Gaussian input state ⊗Mi=1ρˆi is injected into a beam
splitter network (BSN), preparing a probe state ρˆprobe,
the multi-phase information is encoded onto ρˆprobe by a
unitary operation Uˆφ = exp(−i
∑M
j=1 φj aˆ
†
j aˆj), and the
output state ρˆφ is measured after the second BSN, as
depicted in Fig. 1. Note that configuration of the first
BSN enables one to generate any probe Gaussian states
[19, 24]. We also implicitly assume a strong reference
beam to define the phases, accessible in each mode for
measurement [25]. Here, we aim to investigate the sen-
sitivity of Gaussian states for estimation of the parame-
ter φ∗. When the probe state ρˆprobe after the first BSN
is a pure Gaussian state characterized by (Γ,d), the ele-
ments of the QFIM are written as [26–30]
Hij =2Tr[Γ
(i,j)Γ(j,i)]− δij + (Ω2d(i))T[Γ−1](i,j)(Ω2d(j)),
(2)
where A(i,j) denotes the 2 × 2 submatrix in the ith row
and jth column of theM×M block matrixA, and similar
for the vector d(i). The derivation of the QFIM of Eq. (2)
is provided in Supplementary Material. The convexity
of QFIM makes it sufficient to consider only pure probe
states to find an optimal state maximizing the QFIM [12],
but one can find the analytical form of the QFIM for gen-
eral Gaussian states [26–30]. The quantum Crame´r-Rao
bound in Eq. (1) can be saturated since the generators
of parameters commute [10].
Let us first consider the case where the probe state is a
product state and thus the QFIM is evidently a diagonal
block matrix. Without loss of generality, we assume that
the block matrix of the covariance matrix for ith mode
is Γ(i,i) = diag(e2ri , e−2ri)/2, simplifying the estimation
error of φ∗ to be ∆2φ∗ ≥∑Mi=1 w2i (cosh 4ri−1+d22ie−2ri+
d22i−1e
2ri)−1.
When probing with a product coherent state, the error
bound becomes
∑M
i=1 w
2
i
(
d22i + d
2
2i−1
)−1
, and the best
strategy for a given total average photon number N¯ is
to distribute the energy N¯ over the modes according to
the weight |wi|, i.e., N¯i = d22i + d22i−1 = N¯ |wi|. The
estimation error is thus
∆2φ∗ ≥
M∑
i=1
w2i
N¯i
=
1
N¯
≡ ∆2φ∗SQL,
where the lower bound defines the standard quantum
limit. When wi = 1/M , i.e., φ
∗ is the average phase,
∆2φ∗SQL = 1/Mn¯, where n¯ ≡ N¯/M represents an equal
average number of photons hitting each phase shifter.
Among all product Gaussian states, the best strategy
under the energy constraint N¯ is to prepare the probe
state in a product squeezed vacuum state with 8N¯2i (N¯i+
1)/(2N¯i + 1) ∝ w2i . Thus, particularly when wi = 1/M ,
in which φ∗ is the average phase, the estimation error
becomes
∆2φ∗ ≥ M
8N¯(N¯ +M)
=
1
8Mn¯(n¯+ 1)
≡ ∆2φ∗OPGS, (3)
where we have set ri = r for all i and N¯ = M sinh
2 r.
Note that the Heisenberg scaling with n¯ or N¯ is achieved.
We refer to the above product squeezed vacuum state as
the optimal product Gaussian state (OPGS) throughout
this Letter. The error ∆2φ∗OPGS grows with the number
of modes M , over which the probe state is distributed
for a given N¯ , as shown in Fig. 2. When an equal energy
can be used in all the modes, i.e., for a fixed n¯, the error
∆2φ∗OPGS decreases with M , which is obvious since the
total energy being used increases by M times. It can
be easily shown that the estimation error ∆2φ∗OPGS can
be achieved by performing homodyne detection on each
mode without the second BSN [31].
We now turn to the case when the first BSN is config-
ured to create mode correlation for an injected product
input state. In order to find the ultimate sensitivity in
distributed Gaussian sensing and an optimal probe state,
one can further develop the inequality of Eq. (1) as
∆2φ∗ ≥ wTH−1w ≥ (MwTHw)−1 = [4M(∆2Gˆ∗)ψ]−1
≥ [4M max
ψ
(∆2Gˆ∗)ψ]−1,
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FIG. 2. Estimation errors when probing the phases with
product states. The top curve represents the standard quan-
tum limit, ∆2φ∗SQL, whereas the other curves show the error
∆2φ∗OPGS when M = 1, 3, 100. The error ∆
2φ∗OPGS increases
with M for a fixed N¯ , but is always below the error ∆2φ∗SQL,
which approaches 1/8N¯ as M →∞.
3where Gˆ∗ =
∑M
i=1 wiaˆ
†
i aˆi/|w|2 is the generator of φ∗ [11].
From now on, let us focus on the estimation of the average
phase, i.e., wi = 1/M . Using a series of inequalities, we
show that the error for the average phase estimation is
given by
∆2φ∗ ≥ 1
8N¯(N¯ + 1)
=
1
8Mn¯(Mn¯+ 1)
≡ ∆2φ∗OEGS,
and the lower bound ∆2φ∗OEGS can be attained by in-
jecting a product state of a single-mode squeezed vacuum
into the first input mode and the vacua on the other input
modes of the first BSN that is set to generate entangle-
ment (see Supplementary Material for the detail). We
note that the ultimate error ∆2φ∗OEGS scales with N¯
−2
or n¯−2, and is smaller than the error ∆2φ∗OPGS. A similar
scaling has been discussed in Ref. [12], but with different
quantification of the resource.
We show that the ultimate error ∆2φ∗OEGS can be
achieved by using symmetric Gaussian probe states with
zero displacement. The covariance matrix of pure sym-
metric Gaussian probe states can be written as a M ×M
partitioned matrix Γprobe with submatrices Γ
(i,i)
probe =
diag(γ1, γ2) for all i and Γ
(i,j)
probe = diag(1, 2) for all i 6=
j [26, 34–36]. Since the states are assumed to be pure, the
components obey the relations (γ1 − 1)(γ2 − 2) = 1/4
and [γ1 + (M − 1)1][γ2 + (M − 1)2] = 1/4 [34–36]. The
QFIM for symmetric Gaussian states is evidently a sym-
metric matrix with Hii = H11 for all i and Hij = H12 for
all i 6= j. Finally, using Eqs. (1) and (2), the estimation
error is reduced to
∆2φ∗ ≥ 1/M [H11 + (M − 1)H12], (4)
where H11 = 2(γ
2
1+γ
2
2)−1 and H12 = 2(21+22) (see Sup-
plementary Material for details). It is clear that the cor-
relation quantified by 1 and 2, H12, plays an important
role, but the sensitivity is eventually determined by an in-
terplay with the term H11 that is not independent of H12
for a given energy. After minimizing the lower bound in
Eq. (4) under the energy constraint N¯ = M(γ1+γ2−1)/2
(see Supplementary Material for the detail), we recover
the ultimate error ∆2φ∗OEGS when γ1,2 = 1/2 + 1,2
and 1,2 = [N¯ ±
√
N¯(N¯ + 1)]/M , leading to H11 =
4N¯(2N¯ + M + 1)/M2 and H12 = 4N¯(2N¯ + 1)/M
2.
Therefore, the ultimate estimation error ∆2φ∗OEGS can be
achieved by the optimal symmetric Gaussian state, which
we call the optimal entangled Gaussian state (OEGS)
throughout this Letter. Most importantly, in contrast
to the error ∆2φ∗OEPS, the error ∆
2φ∗OEGS is indepen-
dent of the number of modes M for a fixed energy N¯ and
scales with M−2 for a fixed n¯, evidently resulting from
exploiting entanglement. Thus, the mode entanglement
enables one to prevent the estimation error from growing
with M .
One might wonder whether the OEGS is the maxi-
mally entangled Gaussian state, for which the entropy of
the reduced state is maximized. We now demonstrate
that it is not the case. The entropy of the single-mode
reduced state having a diagonal covariance matrix γ is
given by S(γ) = n¯T ln(1 + 1/n¯T) + ln(n¯T + 1) [18],
where n¯T =
√
γ1γ2 − 1/2 is the average thermal pho-
ton number of the reduced single-mode state. The en-
tropy S(γ) increases with the entanglement of the total
system under investigation, where pure symmetric Gaus-
sian states are only considered [37]. Interestingly, the
OEGS achieving the ultimate sensitivity does not have
the maximal entropy, as shown in Fig. 3(a). This is sur-
prising and in contrast to other cases, where maximally
entangled states have shown to lead to the optimal sensi-
tivity, e.g., the GHZ state of qubits exhibiting the maxi-
mal entropy of the reduced state [11]. In our scenario, the
state often referred to as the continuous variable GHZ-
type state having the maximal reduced entropy [38] ex-
hibits worse sensitivity than the OEGS. A similar result
has been reported for estimation of unitarily generated
parameters in Ref. [8].
It is worth comparing with the error of simultaneous
phase estimation, ∆2φ ≡ ∑Mi=1 ∆2φi. For general sym-
metric Gaussian states without displacement, the error
can be written as ∆2φ ≥ Tr[H−1] = (M − 1)/(H11 −
H12) + 1/[H11 + (M − 1)H12], where the first term will
be ignored if H11 = H12. For a product probe state, H12
disappears and thus,
∆2φ ≥ M
3
8N¯(N¯ +M)
≡ ∆2φOPGS,
where the bound ∆2φ∗OPGS can be achieved by the OPGS.
When using the OEGS, on the other hand, the estimation
error is given by
∆2φ ≥ M [2N¯(M − 1) + 2M − 1]
8N¯(N¯ + 1)
≡ ∆2φOEGS.
It is clear that the error ∆2φOEGS is larger than the er-
ror ∆2φOPGS. More generally, any entangled symmetric
��� ��� ��� ��� ���
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 2 ⇤OEGS
<latexit sha1_base64="eQX8kByCpH1TVbzhpDa3u7Lx6wY=">AAADxHicdVLLbtNAFJ3WPEp4pbCExYgICbGIbLdR2l3Fe0cRpK0Up 9F4cpOMMjO2Zq4hkWUWfAGfwRb+hr9hnIQiO+FufHXumXuOZ06cSmHR93/v7HrXrt+4uXercfvO3Xv3m/sPzmySGQ49nsjEXMTMghQaeihQwkVqgKlYwnk8e1nOzz+DsSLRn3CRwkCxiRZjwRk6aNh8HL0CiewyjNKpuMyfF8MIYY75+9dvPxbDZstvHx91O35I/XbYOT4ID10THH SDbocGbX9ZLbKu0+H+7vdolPBMgUYumbX9wE9xkDODgksoGlFmIWV8xiaQM2XtQsUFfaoYTm19VoLbZv0Mx0eDXOg0Q9DcUdxsnEmKCS3/kI6EAY5y4RrGjXDKlE+ZYRzdPVRUyt0pqnnRqMCxqhrNJKjt1rd6roOxXWxgE9Ab2DjRaAvqqj7BaU2/1DF2bKuoZO7pnK/aZmNYzc AyNhv65btXQZyvPFXAVJRgeWUavvBEKaZHecRiW/SDQR65sCFtBctvUeXEhq04kumJhLwVFNtoM8B/q5Yks+TXaEJrMEU/vNrnVOlaPqRXZ1yG/waV/r85C12q2+GHw9bJi3Wa98gj8oQ8IwHpkhPyjpySHuHkG/lBfpJf3htPetbLVtTdnfWZh6RS3tc/gSVFtQ==</latexit>
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<latexit sha1_base64="Gokw3Yil9pVARsCuqSVAN0iwssQ=">AAADxHicdVLLjtMwFPVMeAzlMR1YwsKiQkIsqiYT6CxHgIAdRdCZk ZpO5bi3rVXbiewbaBWFBV/AZ7CFv+FvcNoyKGm5m1ydc3zPiX3jVAqLnc7vvX3v2vUbNw9uNW7fuXvvsHl0/8wmmeHQ54lMzEXMLEihoY8CJVykBpiKJZzH81clf/4ZjBWJ/oTLFIaKTbWYCM7QQaPmo+g1SGSXQZTOxGX+rBhFCAvM3/fefixGzVanHYRh9/kxdY3fDYPQNd3g5I UfUr/dWVWLbKo3Otr/Ho0TninQyCWzduB3UhzmzKDgEopGlFlIGZ+zKeRMWbtUcUGfKIYzW+dKcBc3yHByMsyFTjMEzZ3EcZNMUkxo+Yd0LAxwlEvXMG6Ec6Z8xgzj6O6h4lLOTlEtikYFjlU1aCZB7Y6+M3MdjO1yC5uC3sImiUZbUFd1Bmc1/9LH2ImtopK5p3O5apONYbUAq7 XZ8i/fvQriYp2pAqaiBMsr0/CFJ0oxPc4jFtti4A/zyC0b0pa/+hZVTWzYWiOZnkrIW36xSzYH/DdqJTIrfU0mtAZTDIKrec6VbuwDenXG7fDfRaX/b86Ctn/cDj6ErdOXm20+IA/JY/KU+KRLTsk70iN9wsk38oP8JL+8N570rJetpft7mzMPSKW8r38Ajl5FuQ==</latexit>
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<latexit sha1_base64="pJFC5fGJ7sdbvO9y46e7UoX6V3g=">AAADwHicdVLLjtMwFPU0PIby6sAGiY1FhcSqStLS6exGAxLsKILOj NSUynFvW6uOE+yboSUK38BHsIX/4W9w2jIoabmbXJ1zfM+JfcNECoOu+/ug5ty4eev24Z363Xv3HzxsHD06N3GqOQx4LGN9GTIDUigYoEAJl4kGFoUSLsLFq4K/uAJtRKw+4iqBUcRmSkwFZ2ihceNJ8Boksk9+kMzFOEBYYvau/+ZDPm403Zbfcbu9l9Q2brvT7dnmuOuddNrUa7 nrapJt9cdHte/BJOZpBAq5ZMYMPTfBUcY0Ci4hrwepgYTxBZtBxiJjVlGY0+cRw7mpcgW4jxumOO2NMqGSFEFxK7HcNJUUY1r8HZ0IDRzlyjaMa2GdKZ8zzTjaOyi5FLMTjJZ5vQSHUTloKiHaH31v5ioYmtUONgO1g01jhSantqoMziv+hY82U1NGJbNPZ3NVJmvNKgHWK7PjX7 x7GcTlJlMJTEQBFlem4AuPo4ipSRaw0ORDb5QFdtGQNr31Ny9rQs02GsnUTELW9PJ9sgXgv1FrkV7rKzKhFOh86F/Ps650a+/T6zN2h/8uKv1/c+63vHbLf99pnp5tt/mQPCXPyAvikWNySt6SPhkQTr6RH+Qn+eWcOXMndj5vpLWD7ZnHpFTO1z/3eEQW</latexit>
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<latexit sha1_base64="ZUdD3bgKYwnMYN1PROa0qrQ9yfw=">AAADwHicdVLLjtMwFPU0PIbymA5skNhYVEisqjwKndmNBhDsGASdG akplePetlYdJ9g30BKFb+Aj2ML/8Dc4bRmUtNxNrs45vufEvlEqhUHX/b3XcK5dv3Fz/1bz9p279w5ah/fPTZJpDn2eyERfRsyAFAr6KFDCZaqBxZGEi2j+ouQvPoM2IlEfcJnCMGZTJSaCM7TQqPUwfAkS2Uc/TGdiFCIsMH/76vX7YtRqu53jo+e9bkDdjvesGwQ927iBF/jH1O u4q2qTTZ2NDhvfw3HCsxgUcsmMGXhuisOcaRRcQtEMMwMp43M2hZzFxizjqKBPYoYzU+dKcBc3yHByNMyFSjMExa3EcpNMUkxo+Xd0LDRwlEvbMK6FdaZ8xjTjaO+g4lLOTjFeFM0KHMXVoJmEeHf0nZnrYGSWW9gU1BY2SRSagtqqMzir+Zc+2kxMFZXMPp3NVZusNasFWK3Mln /57lUQF+tMFTAVJVhemYIvPIljpsZ5yCJTDLxhHtpFQ9r2Vt+iqok0W2skU1MJedsrdsnmgP9GrUR6pa/JhFKgi4F/Nc+60o29T6/O2B3+u6j0/8253/GCjv+u2z453WzzPnlEHpOnxCM9ckLekDPSJ5x8Iz/IT/LLOXVmTuJ8Wksbe5szD0ilnK9/ANRhRAs=</latexit>
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FIG. 3. Dependence of the reduced entropy S(γ) in the es-
timation error when probing with symmetric Gaussian states
(black curves) in comparison with the OPGS (blue lines) and
the OEGS (red lines). (a) For the average phase estimation,
the OEGS achieving the ultimate sensitivity does not have
the maximal reduced entropy. (b) On the other hand, the
OPGS is optimal for the simultaneous phase estimation.
4Gaussian states exhibit worse sensitivity than the OPGS,
as shown in Fig. 3(b).
We have shown above that the ultimate estimation
error ∆2φ∗OEGS is achieved by the OEGS. Generation
of the latter is experimentally feasible with current
technology as we provide here. Suppose that a prod-
uct state of a p-squeezed vacuum and (M − 1) vacua
is injected into the first BSN, configured as UˆBSN =
BˆM−1,M (θM−1)BˆM−2,M−1(θM−2)×·· ·× Bˆ1,2(θ1), where
Bˆi,j(θj) = exp[θj(aˆ
†
i aˆj − aˆiaˆ†j)] and θj = arccos(M −
j + 1)−1/2. Consequently, one can show that the out-
put state of the BSN is the OEGS. Notice that different
configurations of BSN can be employed to generate the
OEGS [14].
We demonstrate here that homodyne detection on each
mode is sufficient to achieve the ultimate error ∆2φ∗OEGS
without using the second BSN. The resultant probabil-
ity distribution of homodyne detection follows a Gaus-
sian distribution with the zero first-moment vector and
the M ×M covariance matrix ΓHD with diagonal com-
ponents [ΓHD]ii = γ1 cos
2 ϕi + γ2 sin
2 ϕi and off-diagonal
components [ΓHD]ij = 1 cosϕi cosϕj + 2 sinϕi sinϕj
where ϕi = φi−θHD,i with homodyne angles θHD,i on ith
mode. The error is thus given by ∆2φ∗HD ≥ wTF−1w,
where Fij = Tr[Γ
−1
HD(∂φiΓHD)Γ
−1
HD(∂φjΓHD)]/2. It can be
easily shown that the lower bound is equal to ∆2φ∗OEGS
when ϕi = ϕopt ≡ pi/2− cot−1[2
√
N¯(N¯ + 1)]/2 for all i.
Such optimal phase setting can be made by adjusting the
homodyne angles θHD,i = φi − ϕopt.
From a practical perspective, we analyze the effect of
photon loss on the sensitivity. When loss is assumed
to occur in each mode with an equal η, the covariance
matrix of the probe state is transformed as Γ → ηΓ +
(1 − η)12M/2, i.e., γ1,2 → ηγ1,2 + (1 − η)/2 and 1,2 →
η1,2 [18, 26]. Consequently, the theoretical optimal error
bounds ∆2φ∗OPGS and ∆
2φ∗OEGS become
∆2φ∗OPGS(η) ≡ 1/4N¯η(2N¯η/M + η + 1),
∆2φ∗OEGS(η) ≡ 1/4N¯η(2N¯η + η + 1),
respectively. When homodyne detection is performed,
the resulting error bounds are respectively given as
∆2φ∗OPGS,HD(η) ≡ [4N¯η(1− η) +M ]/[8η2N¯(N¯ +M)],
∆2φ∗OEGS,HD(η) ≡ [4N¯η(1− η) + 1]/[8η2N¯(N¯ + 1)],
for which the homodyne angles have been appropriately
chosen. One may also seek other type of Gaussian
measurement that could outperform the case yielding
∆2φ∗OEGS,HD(η) in the presence of loss. We exemplify the
latter by performing an appropriate general-dyne detec-
tion on the first output mode and heterodyne detection
on the other output modes of the second BSN that is
set to realize Uˆ−1BSN. The associated error bound when
probing with the OEGS is given as
∆2φ∗OEGS,GD(η) ≡
2N¯(1− η)η + 1 +
√
1− 4N¯η(η − 1)
8η2N¯(N¯ + 1)
,
whose derivation and detailed setup are provided in Sup-
plementary Material. Figure 4(a) reveals that the er-
ror ∆2φ∗OEGS,HD(η) is competitive with ∆
2φ∗OEGS,GD(η)
depending on η, and none of them attain the ultimate
error ∆2φ∗OEGS(η) when η < 1. Comparable behaviors
between ∆2φ∗OEGS,HD(η) and ∆
2φ∗OEGS,GD(η) are elab-
orated in terms of N¯ and η in Fig. 4(b), identifying
the regions in which one prevails over the other. It
shows that homodyne detection is advantageous when
N¯ > (1 +
√
2)/2η(1 − η). Interestingly, the error
bound ∆2φ∗OEGS,HD(η) is exactly the same as that of a
single-mode phase estimation using a squeezed thermal
state [39]. One could further reduce the error by having
displacement as in Ref. [14], or seek for non-Gaussian
measurements to achieve the ultimate error ∆2φ∗OEGS(η)
in lossy cases [28, 39].
The enhancement of sensitivity by entanglement can
be quantified by the relative error ratio Ropt =
∆2φ∗OPGS(η)/∆
2φ∗OEGS(η) for the case that an optimal
measurement is assumed, and the error ratio RHD =
∆2φ∗OPGS,HD(η)/∆
2φ∗OEGS,HD(η) for the case that homo-
dyne detection is performed. Figure 5(a) shows that
the Ropt slightly decreases with a moderate loss η and
monotonically increases with n¯, while the RHD drasti-
cally drops with η and exhibits the optimum at n¯ =
1/2
√
Mη(1− η), where the relative enhancement is max-
imal, when η < 1. The behaviors of Ropt and RHD with
increasing M are presented in Fig. 5(b) for n¯ = 6. Re-
markably, both Ropt and RHD are always greater than
unity in all cases with any η, stressing the usefulness
of entanglement in Gaussian distributed sensing against
loss.
We have investigated the ultimate sensitivity in quan-
tum distributed Gaussian sensing for the average phase
estimation. The ultimate sensitivity has been shown to
be achievable by the OEGS possessing partial entangle-
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<latexit sha1_base64="FdniYKmXKFNoCZPSRruyZE1koR0=">AAADqnicbVJNb9NAEN3GfJTw1cKRi4WFxAFFdooExwouHAsibZEdVePNOFlld23tjiGR5b+A uMFf49+wdqwiO5mLR2/ezHtrvbSQwlIY/j0aeXfu3rt//GD88NHjJ09PTp9d2rw0HGc8l7m5TsGiFBpnJEjidWEQVCrxKl1/bOZX39FYkeuvtC1wrmCpRSY4UAMlSHBzEoSTsC1/v4m6JmBdXdycjn4li5yXCjVxCdbGUVjQvAJDgkusx0lpsQC+hiVWoKzdqrT2XymglR3OGvDQLC4pez+vhC5KQs0dxc2yUvqU+807/IUwyEluXQP cCKfs8xUY4ORe21NpbhekNvW4B6eqb7SUqA5bP+h5CKZ2u4ctUe9hWa7J1r6r4YRWA/1Gx9jM9lEJhBvna3DZGBgYaMOxp++WqQ/SZuepBxaiAZtfpvEHz5UCvagSSG0dR/MqcZEiP4jab93npAZ2HAl6KbEKovoQbY30/1RLMi1/QBNao6nj6e09p+p38lP/dsdlOBomdr+5nE6is8n089vg/EOX5mP2gr1kr1nE3rFz9oldsBnjb MV+st/sj/fG++J98+IddXTU7TxnvfIW/wA90jtB</latexit>
N¯
<latexit sha1_base64="ZKOsTSO07H79CRR9Ihk6RAUE44A="></latexit>
⌘
<latexit sha1_base64="FdniYKmXKFNoCZPSRruyZE1koR0=">AAADqnicbVJNb9NAEN3GfJTw1cKRi4WFxAFFdooExwouHAsibZEdVePNOFlld23tjiGR5b+A uMFf49+wdqwiO5mLR2/ezHtrvbSQwlIY/j0aeXfu3rt//GD88NHjJ09PTp9d2rw0HGc8l7m5TsGiFBpnJEjidWEQVCrxKl1/bOZX39FYkeuvtC1wrmCpRSY4UAMlSHBzEoSTsC1/v4m6JmBdXdycjn4li5yXCjVxCdbGUVjQvAJDgkusx0lpsQC+hiVWoKzdqrT2XymglR3OGvDQLC4pez+vhC5KQs0dxc2yUvqU+807/IUwyEluXQP cCKfs8xUY4ORe21NpbhekNvW4B6eqb7SUqA5bP+h5CKZ2u4ctUe9hWa7J1r6r4YRWA/1Gx9jM9lEJhBvna3DZGBgYaMOxp++WqQ/SZuepBxaiAZtfpvEHz5UCvagSSG0dR/MqcZEiP4jab93npAZ2HAl6KbEKovoQbY30/1RLMi1/QBNao6nj6e09p+p38lP/dsdlOBomdr+5nE6is8n089vg/EOX5mP2gr1kr1nE3rFz9oldsBnjb MV+st/sj/fG++J98+IddXTU7TxnvfIW/wA90jtB</latexit>
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 2 ⇤GD<latexit sha1_base64="m6/Uw/DQQASMGwjZsJcIt8IKPYw=">AAAD4XicbVJNb9NAEN3GQEv4SuHIZUWEhDhEdooEvVVQiR6LRNpKcRqtN+Nkld21tTuGRJZ/ALeKKwd+DVc4829YO1GRHc/Fo/feznvenSiVwqLv/93reHfu3ts/uN998PDR4ye9w6cXNskMhxFPZGKuImZBCg0jFCjhKjXAVCThMlp+KPnLL2CsSPRnXKcwUWyuRSw4QwdNe8dhbBjPw1OQyK6HYboQ16+nIcIK87PTomhnPjpm2uv7A78qutsE26ZPtnU+Pezch LOEZwo0csmsHQd+ipOcGRRcQtENMwsp40s2h5wpa9cqKuhLxXBhm1wJtnHjDON3k1zoNEPQ3EkcF2eSYkLL36czYYCjXLuGcSOcM+UL5q4A3SXVXMrZKapV0a3BkaoHzSSo9uitmZtgZNc72Bz0DhYnGm1BXTUZXDT8Sx9jY1tHJXMv53I1JhvDGgGqndrxL5+9DuJqk6kGpqIEyyvT8JUnSjE9y0MW2WIcTPLQbSLSflB9i7omMmyjkUzPJeT9oGiTLQH/j6pEptI3ZEJrMMV4eDvPudKt/ZDennE7HDQ3dre5GA6Co8Hw05v+yfvtNh+Q5+QFeUUC8packDNyTkaEk5/kF/lN/njc++bdeN830s7e9swzUivvxz+eJVHT</latexit>
N¯ = 10
<latexit sha1_base64="8rw/UgSiobPuwc9USCEBeIrgdLw=">AAADsHicbVLLjtNAEJyNeSzhtQtHLhYWEqfINkhwQVrBhRNaJLI bkURRe9JOhsyMrZk2JLL8Dxy4wn/xN4wda5Gd9MWt6uquGquSXApLYfj3ZODdun3n7um94f0HDx89Pjt/cmWzwnAc80xmZpKARSk0jkmQxEluEFQi8TrZfKjn19/RWJHpL7TLca5gpUUqOJCDvs4SMOWn6l0ULs6CcBQ25R82UdsErK3Lxfng52yZ8UKhJi7B2mkU5jQvwZDgE qvhrLCYA9/ACktQ1u5UUvkvFNDa9mc1eGw2LSh9Oy+FzgtCzR3FzdJC+pT59Wv8pTDISe5cA9wIp+zzNRjg5N7cUalv56S21bADJ6prtJCojls/6rkPJnZ3gK1QH2BppslWvqv+hNY9/VrH2NR2UQmEW+erd9kY6BloInKg75apC9J276kD5qIG61+m8QfPlAK9LGeQ2Goazc uZCxb5QdR8qy4nMbDnSNAriWUQVcdoG6T/pxqSafg9mtAaTTWNb+45Vb+Vj/2bHZfhqJ/Yw+YqHkWvRvHn18HF+zbNp+wZe85esoi9YRfsI7tkY8aZZr/Yb/bHi72Jt/BgTx2ctDtPWae8b/8AT7o9XA==</latexit>
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<latexit sha1_base64="DgaYmQFfxGqhNpfPGDPgJUCNVvg="></latexit>
  2  ⇤
OEGS (⌘)
<latexit sha1_base64="gg9tMemAEzArl1ND+aoyIr5OpTY=">AAADyHicdVJNb9NAEN3GfJTwlZYjlxURUuEQ2U6lJLeKgkBcKIK0leI0Wm8mySrrtbU7poksXzhw5odwhf/Cv2GdhCI7Y S4evfd23vPuhIkUBl33917NuXX7zt39e/X7Dx4+etw4ODw3cao59HksY30ZMgNSKOijQAmXiQYWhRIuwvlpwV98AW1ErD7jMoFhxKZKTARnaKFRgwavQSK78oNkJq5ejgKEBWYf3rz9lB8FgOzFqNF0W71ux+/51G357eO227ON57c73Tb1Wu6qmmRTZ6OD2vdgHPM0AoVcMmMGnpvgMGMaBZeQ14PUQML4nE0hY5ExyyjM6fOI4cxUuQLcxQ1SnHSHmVBJiqC4lVhukkqKMS3+ko6FBo5yaR vGtbDOlM+YZhztXZRcitkJRou8XoLDqBw0lRDtjr4zcxUMzXILm4LawiaxQpNTW1UGZxX/wkebiSmjktkHtLkqk7VmlQCr1dnyL16/DOJinakEJqIAiytTcM3jKGJqnAUsNPnAG2aBXTikTW/1zcuaULO1RjI1lZA1vXyXbA74b9RKpFf6ikwoBTof+DfzrCvd2Pv05ozd4b+LSv/fnPstr93yPx43T15ttnmfPCXPyBHxSIeckHfkjPQJJ9/ID/KT/HLeO4lz7SzX0tre5swTUirn6x9XaUb O</latexit>
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<latexit sha1_base64="rCc3Ajn4CBVwmHC62ie4pwGl3ww=">AAADq3icdVJNj9MwEPU2fCzlaxeOXCwiJC5UcUBs97aCC8dF0N0VTbVy3Elr1XYiewKt ovwGOMJP49/gtGVR0jKXjN57M+85mrRQ0mEU/T7oBbdu37l7eK9//8HDR4+Pjp9cuLy0AkYiV7m9SrkDJQ2MUKKCq8IC16mCy3TxvuEvv4J1MjefcVXARPOZkZkUHD00Shxye30URoMoihhjtGnYydvIN6enw5gNKWsoXyHZ1vn1ce9HMs1FqcGgUNy5MYsKnFTcohQK6n5SOii4WPAZVFw7t9JpTV9ojnPX5RpwHzcuMR tOKmmKEsEIL/FcViqKOW0eQqfSgkC18g0XVnpnKubccoH+uS2XZneBeln3W3Cq20FLBXp/9L2Zu2DqVjvYDMwOluUGXU19dRmcd/wbH+sy10YVR1j6XJ3N1vJOgPV17Pj7YWyDuNxkaoGFbMDmlxn4JnKtuZlWCU9dPWaTKvE3hTRk62/d1qSWbzSKm5mCKmT1PtkC8N+qtciu9R2ZNAZsPY5v9nlXurWP6c2Mv+G/h0r/ 31zEA/Z6EH98E569217zIXlGnpOXhJETckY+kHMyIoJI8p38JL+CV8Gn4EuQbKS9g+3MU9KqAP4Asxk8AQ==</latexit>
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FIG. 4. (a) Comparison among the estimation errors
∆2φ∗OEGS(η) (red curve), ∆
2φ∗OEGS,HD(η) (green curve), and
∆2φ∗OEGS,GD(η) (orange curve) with loss η for N¯ = 10.
Note that there exist two crossing points (?) between
∆2φ∗OEGS,HD(η) and ∆
2φ∗OEGS,GD(η) as η increases. (b) The
ratio of ∆2φ∗OEGS,HD(η) to ∆
2φ∗OEGS,GD(η) as a function of
N¯ and η. The boundary, represented by a solid line, is
given by N¯ = (1 +
√
2)/2η(1 − η), at which homodyne de-
tection and general Gaussian detection after the second BSN
(Uˆ−1BSN) yields the same sensitivity. General Gaussian detec-
tion scheme becomes significant only when N¯ > 2(1 +
√
2),
and exhibits the most advantage over the homodyne detection
at η = 0.5.
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FIG. 5. The relative error ratios Ropt and RHD for the cases
with η = 1 (solid), 0.9 (dashed), 0.8 (dot-dashed), 0.7 (dotted)
(a) as a function of n¯ when M = 4, and (b) as a function of
M when n¯ = 6. Overall, loss is obviously always detrimental
for a given n¯ and M , i.e., the error ratios decrease with η.
Lines connecting dots in panel (b) are to guide the eyes.
ment between the modes and by performing homodyne
detection on each mode in the absence of loss. When
photon loss occurs, homodyne detection ceases to be op-
timal, but non-Gaussian measurement would be required
for achieving the ultimate sensitivity. Alternatively, a
slightly better sensitivity can be obtained by conduct-
ing other type of Gaussian measurement on the output
modes of the second BSN that implements the inverse
transformation of the first BSN. Although the sensitiv-
ity decreases with loss in all the cases considered in this
work, we have revealed that using the OEGS is always
advantageous for average phase estimation as compared
to the case using unentangled symmetric Gaussian states.
While we have focused on identification of the ultimate
sensitivity and the optimal setup for the average phase
estimation in this work, finding those for estimation of
other linear combinations of phases would also be an in-
teresting future study.
It is worthwhile to discuss our results in relation to a
recent experiment that successfully showed an enhance-
ment by entanglement in quantum distributed Gaus-
sian sensing [14]. The theory behind the experiment in
Ref. [14] assumed that the phase shifts of interest were
extremely small and the estimation error was quantified
by the linear error propagation analysis from homodyne
detection. On the other hand, our work identifies the
ultimate estimation error in distributed Gaussian sens-
ing and it can be applied to phase shifts of arbitrary
degrees. Thus, the experimental results could be under-
stood better and interpreted from a broader perspective
of distributed Gaussian sensing.
This work was supported by National Research Foun-
dation of Korea (NRF) grants funded by the Ko-
rea government (NRF-2019R1H1A3079890 and NRF-
2018K2A9A1A06069933).
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Appendix A: Derivation of the quantum Fisher information matrix for distributed sensing using isothermal
Gaussian states
In this section, we derive the quantum Fisher information matrix (QFIM) for distributed sensing using isothermal
Gaussian states. When a phase-encoded state is the isothermal Gaussian quantum states characterized by [Γ(φ),d(φ)]
with a isothermal photon number n¯, the QFIM is given by [28]
Hij =
1
2n¯2 + 2n¯+ 1
Tr
[
Ω2M
∂Γ(φ)
∂φi
Ω2M
∂Γ(φ)
∂φj
]
+
∂dT(φ)
∂φi
Γ−1
∂d(φ)
∂φj
, (A1)
where
Γ(φ) = S(φ)ΓprobeS
T(φ), d(φ) = S(φ)dprobe,
are the covariance matrix and the first moment vector of the quantum state after the unitary operation encoding φ cor-
responding to the symplectic matrix S(φ), respectively. In the distributed phase sensor, the symplectic transformation
corresponds to
S(φ) = ⊕Mi=1
(
cosφi sinφi
− sinφi cosφi
)
.
Note that symplectic transformation S is defined as ones that preserve the canonical commutation relation, STΩ2MS =
Ω2M , corresponding to a Gaussian unitary operation Uˆ applied to density matrices by the relation Uˆ
†QˆUˆ = SQˆ.
6The first term in Eq. (A1) can be simplified as
Tr
[
Ω2M
∂Γ
∂φi
Ω2M
∂Γ
∂φj
]
=Tr
[
Ω2M
∂S(φ)
∂φi
ΓprobeΩ2M
∂S(φ)
∂φj
Γprobe +Ω2M
∂S(φ)
∂φi
ΓprobeΩ2MΓprobe
∂ST(φ)
∂φj
+Ω2MΓprobe
∂ST(φ)
∂φi
Ω2M
∂S(φ)
∂φj
Γprobe +Ω2MΓprobe
∂ST(φ)
∂φi
Ω2MΓprobe
∂ST(φ)
∂φj
]
φ=0
= Tr[PiΓprobePjΓprobe + PiΓprobeΩ2MΓprobeΩ2MPj + PjΓprobeΩ2MΓprobeΩ2MPi
+ ΓprobePiΓprobePj ]
=2Tr[Γ
(i,j)
probeΓ
(j,i)
probe]− δij(2n¯+ 1)2 (A2)
where Γ
(i,j)
probe = PiΓprobePj . Here, we have set φ = 0 without loss of generality since the QFIM is independent of φ
under unitary transformation, and we have used
∂Γ(φ)
∂φi
=
∂S(φ)
∂φi
ΓprobeS
T(φ) + S(φ)Γprobe
∂ST(φ)
∂φi
=
∂S(φ)
∂φi
Γprobe + Γprobe
∂ST(φ)
∂φi
,
and
−Ω2M ∂S(φ)
∂φi
= −∂S(φ)
∂φi
Ω2M = Ω2M
∂ST(φ)
∂φi
=
∂ST(φ)
∂φi
Ω2M ,
which is the projection onto the ith mode, Pi = −Ω2M ∂S(φ)∂φi
∣∣∣∣
φ=0
when φ = 0.
The second term in Eq. (A1) is
∂dT(φ)
∂φi
Γ−1
∂d(φ)
∂φj
=
(
∂S(φ)
∂φi
dprobe
)T
Γ−1
(
∂S(φ)
∂φj
dprobe
)
φ=0
= (Ω2d
(i)
probe)
T[Γ−1](i,j)(Ω2d
(i)
probe). (A3)
Thus, substituting n¯ = 0 into Eqs. (A1)∼(A3), i.e., for pure states and using Γprobe = Γ and dprobe = d since we
have set φ = 0, we obtain the expression of Eq. (2) in the main text.
Appendix B: Maximum variance of Gˆ∗
Let us derive the maximum variance of Gˆ∗ =
∑M
i=1 aˆ
†
i aˆi. The variance can be written as
∆2Gˆ∗ = 〈Gˆ∗2〉 − 〈Gˆ∗〉2 = 〈
(
M∑
i=1
aˆ†i aˆi
)2
〉 −
(
M∑
i=1
〈aˆ†i aˆi〉
)2
=
M∑
i=1
〈(aˆ†i aˆi)2〉+
M∑
i 6=j
〈aˆ†i aˆiaˆ†j aˆj〉 −
M∑
i=1
〈aˆ†i aˆi〉2 −
M∑
i 6=j
〈aˆ†i aˆi〉〈aˆ†j aˆj〉.
Using the fact that Gˆ∗ is invariant under any passive transformation, one can assume that 〈aˆ†i aˆiaˆ†j aˆj〉−〈aˆ†i aˆi〉〈aˆ†j aˆj〉 = 0
for i 6= j without loss of generality and get
∆2Gˆ∗ =
M∑
i=1
∆2(aˆ†i aˆi),
which shows the variance of ∆2Gˆ∗ is the sum of the photon number variance in all the modes. Since a squeezed
vacuum state exhibits the maximum photon number variance among Gaussian states, which is (cosh 4r − 1)/4,
∆2Gˆ∗ ≤ 1
4
M∑
i=1
(cosh 4ri − 1). (B1)
7Under the constraint for the total mean photon number of the state N¯ , one can prove that the upper bound of ∆2Gˆ∗
in Eq. (B1) is given by 2N¯(N¯ + 1), i.e.,
4∆2Gˆ∗ ≤ 8N¯(N¯ + 1),
and is achieved only when all ri but one is zero, i.e., a product state of a squeezed vacuum and M − 1 vacua followed
by a passive transformation.
Appendix C: Properties of the QFIM for symmetric Gaussian states
Let us consider the QFIM having diagonal elements H11 and off-diagonal elements H12, which is then written as
H = H11
M∑
i=1
|i〉〈i|+H12
M∑
i 6=j
|i〉〈j|
= (H11 −H12)
M∑
i=1
|i〉〈i|+H12
M∑
i,j=1
|i〉〈j|
= (H11 −H12)1 +H12
M∑
i,j=1
|i〉〈j|,
where {|i〉}Mi=1 represents the standard basis. By introducing |+〉 =
∑M
i=1 |i〉/
√
M ,
H = (H11 −H12)1 +MH12|+〉〈+|
= (H11 −H12)(1− |+〉〈+|) + [(M − 1)H12 +H11]|+〉〈+|.
When H11 6= H12, the inverse of the QFIM is
H−1 = (H11 −H12)−1(1− |+〉〈+|) + [(M − 1)H12 +H11]−1|+〉〈+|,
and thus
Tr[H−1] = (M − 1)(H11 −H12)−1 + [(M − 1)H12 +H11]−1.
When H11 = H12, on the other hand, the inverse of the QFIM is
H−1 = [(M − 1)H12 +H11]−1|+〉〈+|,
and thus
Tr[H−1] = [(M − 1)H12 +H11]−1.
Appendix D: Minimization of the estimation error when probing with symmetric Gaussian states
For pure symmetric Gaussian states, the elements of the covariance matrix satisfy
(γ1 − 1)(γ2 − 2) = 1/4,
[γ1 + (M − 1)1][γ2 + (M − 1)2] = 1/4,
and the energy constraint is
N¯ = M(γ1 + γ2 − 1)/2.
Parametrizing γ1,2 as
γ1,2 = n¯Te
±2r,
8we can rewrite 1,2 as
1,2 =
2 + 4n¯2T(M − 2)−M ±
√
(4n¯2T − 1)[M(4n¯2TM −M + 4)− 4]
8n¯T(M − 1) e
±2r,
where 0 ≤ r ≤ cosh−1(2N¯/M + 1)/2.
Under the above constraint, our task boils down to finding parameters that maximize
M [2(γ21 + γ
2
2)− 1 + 2(M − 1)(21 + 22)], (D1)
whose maximum value can be shown to be 8N¯(N¯ + 1) in general.
One can easily check that if we use
γ1,2 =
1
2
+
N¯ ±
√
N¯(N¯ + 1)
M
, (D2)
and
1,2 =
N¯ ±
√
N¯(N¯ + 1)
M
, (D3)
the maximum value of Eq. (D1), i.e., 8N¯(N¯ +1), is attained, which thus proves that ∆2φ∗OEGS introduced in the main
text is achievable by the symmetric Gaussian states with parameters satisfying Eqs. (D2) and (D3).
Appendix E: General Gaussian measurement
In this section, we derive the lower bound of the estimation error based on a particular Gaussian measurement and
provide its implementation. A measurement is called a Gaussian measurement if it can be implemented by adding
Gaussian ancilla states with Gaussian unitary operations and performing homodyne detection [19, 26]. Mathemat-
ically, a Gaussian measurement on M -mode states ρˆ can be written by positive-valued measure measure (POVM)
elements {Πˆξ} as
Πˆξ =
1
piM
Dˆ(ξ)Πˆ0Dˆ
†(ξ),
where Dˆ(ξ) = exp(−iξTΩ2MQˆ) is a displacement operator, and Πˆ0 is a density matrix of a M -mode Gaussian state
with a zero-displacement and a covariance matrix ΓM. Note here that Πˆ0 characterizes the Gaussian measurement.
Let us assume Πˆ0 to be a pure state. One can easily show that the probability distribution for a Gaussian input state
with the covariance matrix Γ and the first moment d is given as a Gaussian distribution with the covariance matrix
(Γ+ ΓM)/2 and the first moment d/
√
2. For the phase-encoded Gaussian state of Γ(φ) with zero displacement, the
Fisher information elements based on Gaussian measurement with ΓM are thus given by
Fij(φ) =
1
2
Tr
[
(Γ+ ΓM)
−1 ∂Γ
∂φi
(Γ+ ΓM)
−1 ∂Γ
∂φj
]
.
Let us consider a Gaussian measurement Πˆ0 with the following covariance matrix:
ΓM =

γM M ... M
M γM ... M
...
... ...
...
M M ... γM
 ,
where γM = diag(γM,1, γM,2) and M = diag(M,1, M,2) are 2 × 2 diagonal matrices, and γM,j = 1/2 + M,j and
M,j = [N¯M − (−1)j
√
N¯M(N¯M + 1)]/M for j = 1, 2. Note that the covariance matrix is the same as that of the
optimal entangled Gaussian state with N¯ replaced by N¯M. If the phase-encoded state is the optimal entangled
Gaussian state in the presence of loss, one can find that the lower bound of the error can be written as
∆2φ∗ ≥ 2ηN¯MN¯ − 2η
√
N¯M(N¯M + 1)N¯(N¯ + 1) + N¯M − (η − 2)ηN¯ + 1
4η2N¯(N¯ + 1)
≥ 2N¯(1− η)η + 1 +
√
1− 4N¯η(η − 1)
8η2N¯(N¯ + 1)
,
9where the optimal value of N¯M is chosen for the second inequality.
If we employ a squeezed thermal input state, ρˆin = Sˆ(r)ρˆTSˆ
†(r)⊗ |0〉〈0|⊗M−1 where Sˆ(r) = exp[r(aˆ†2 − aˆ2)/2] is a
squeezing operator applied on the first mode, and ρˆT =
∑∞
n=0 n¯
n/(n¯+ 1)n+1|n〉〈n| is a thermal state with the mean
photon number n¯, the lower bound by the aforementioned Gaussian measurement can be written as
∆2φ∗ ≥
[(
2n¯+ 1
n¯+ 1
)2
sinh2 2r
]−1
,
which is exactly the same as the lower bound for single-mode phase estimation using a squeezed thermal probe state,
as shown in Ref. [39]. Note that the squeezed thermal state input is equivalent to the optimal entangled Gaussian
state after photon-loss channel with appropriate parameters.
Let us find the implementation of the Gaussian measurement corresponding to ΓM. Noticing that mixing a p-
squeezed state and (M − 1) vacua by the first beam splitter network (BSN) in the main text generates the optimal
entangled state, Πˆ0 can be represented by
Πˆ0 = UˆBSN|r, 0, ..., 0〉〈r, 0, ..., 0|Uˆ†BSN,
where |r〉〈r| represents a p-squeezed state with a squeezing parameter r and |0〉〈0| is a vacuum state. Since a BSN
transforms a displacement operator into another displacement operator and a single-mode Gaussian measurement of
Πˆζ = Dˆ(ζ)Πˆ0Dˆ
†(ζ)/pi can be implemented by the general-dyne measurement [40], the Gaussian measurement can
be performed by general-dyne measurement on M modes after the second BSN that processes the reverse of the first
BSN generating the optimal entangled state. Especially when Πˆ0 is a vacuum, the general-dyne measurement reduces
to a heterodyne measurement.
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